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SUMMARY

This paper proposes a semiparametric extension of the projected score method of
Waterman & Lindsay (1996) for the elimination of nuisance parameters. The pro-
cedure addresses cases where only the mean and the variance of the response vari-
able are specified and where the mean function involves both parameters of interest
and nuisance parameters. Important applications of the semiparametric model in-
clude quasilikelihood models for matched designs and for measurement error models
(Carroll & Stefanski, 1990). Due to the optimality and information-unbiasedness of
the quasiscore function, a second-order quasiscore basis of estimating functions for
the nuisance parameter is derived. Second-order locally ancillary estimating func-
tions (Small & McLeish, 1994) are then obtained by solving a simple linear system
that corresponds to a true projection for canonical exponential family distributions.
Asymptotic arguments and simulation work show that the impact of nuisance param-

eters is considerably reduced when adopting the proposed approach.

Some key words: Bhattacharyya basis; Bias correction; Estimating function; Mea-
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1 Introduction

In Neyman-Scott (1948) problems, a model for observations Y7, ..., Y, from indepen-
dent strata ¢ = 1,...,n is given in terms of a parameter of interest § common to all
strata, and stratum-specific nuisance parameters ¢; on each of which a limited amount
of information is available. Specifically, y; ~ fi(-; 6, ¢;). In this paper, using the frame-
work of quasilikelihood (Wedderburn, 1974; McCullagh, 1983), we consider inferences
for such independent-strata semi-parametric models in which E(Y;) = p;(8, ¢;).
Semi-parametric inferences on € in the presence of ¢; can often be obtained through

the unbiased estimating functions of the form

n

9(0,01, ..., bn) =D 9i(0, bi; yi).- (1)

=1

For example, in the regression setting, g; would take the form g; = ¢1(0, ¢:; yi, z:),
where the g; differ only through the covariates x;. For review, see Liang & Zeger,
1995; Desmond, 1997; and discussions and references therein. Ideally g;s are available
such that

E{gi(0, $:;Yi); 0,07} = 0, for all ¢} # ¢. (2)
Estimating functions that are robust in the sense of (2) are called “globally ancillary”
(Small & McLeish, 1994). If a class of such functions is available, attention can then
be turned to increasing efficiency for #-inferences within that class (e.g. Godambe,
1976, 1980, 1984; Lindsay, 1982, 1985).

Globally ancillary estimating functions are available for some important classes of
nuisance parameter problems. Examples include the quasilikelihood score (Wedder-
burn, 1974) and generalized estimating equations (Liang and Zeger, 1986) for cases
in which ¢; does not appear in the mean p;(6). Alternatively, when ¢ is a canonical
parameter in an exponential family model, the conditional score function is globally

ancillary for ¢; (Godambe, 1976; Lindsay, 1982).
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Unfortunately, when p; depends upon ¢;, and the conditional score is not available,
it is often difficult to obtain globally ancillary estimating functions. For more general
problems of this type, Waterman & Lindsay (1996) have developed an elegant theory
of projected scores which approximate the conditional score when it exists and em-
ulate it in terms of robustness to ¢; when it does not. Their method, which is fully
parametric in (6, ¢;), achieves a type of “local ancillarity” (Small & McLeish, 1994).
This is further examined in § 2.1.

The semiparametric problem in which a full likelihood f;(-; 8, ¢) is not easily spec-
ified, but p; depends on ¢;, has received less attention. This report addresses this
case by extending the Waterman-Lindsay (WL) method to the quasilikelihood set-
ting, resulting in a general method for reducing sensitivity to nuisance parameters
appearing in the mean function p;(#, ¢;). These results also establish the robustness
of the WL method in canonical exponential family problems in which the mean and
variance models are correct, but other parts of the model might be misspecified. Two
important independent-strata problems serve as motivating applications.

Example 1. Matched pair study with arbitrary link and variance functions. Let
yi1 and y;o be independent observations with means p;; and jio, such that h(u;;) =
¢i + 07 x;j, and variances vV (p;;), where h(-) and V(-) are known functions and v
is the dispersion parameter (Williams, 1982). The nuisance ¢; is a stratum-level
intercept in the regression of y;; and y;2, while 6 provides a within-stratum contrast
between y;; and y; that is common to all strata.

Ezxample 2. Errors-in-covariates models with arbitrary link and variance functions.
Let Y; be a random variable with mean p; = h7' (8 + B1¢;) and variance vV (1;).
Let the surrogate U; be a mismeasured version of covariate ¢;, which is viewed as
a fixed nuisance parameter (Stefanski & Carroll, 1987). Let ho[E{hs(U;)}] = ¢;
and var{hs(U;)} be some known function of # and ¢; (Carroll & Stefanski, 1990).



Here, h;(-), 7 = 1,2,3 and V(-) are known functions. To place the problem in
the independent-strata framework, define y;; = y; and vy = hs(u;) so that each
observation (y;1,¥;2) comprises its own stratum, with common regression parameter
f, and stratum-specific nuisance ¢;.

Example 3. Modelling within-stratum variance as a function of the mean. Suppose
y;, and y}, are independent observations each with mean ¢; and variance o7 = h(, ¢;),
where h(-) is a known function. Interest is on the parameter 6, creating a simple
extension of the classical Neyman-Scott (1948) problem of estimation of the common
variance from paired observations (see also Jewell and Raab, 1981). The Neyman-
Scott solution would suggest letting y;; = (v, — y5)?/2 and vz = (v}, + vy5)/2, and
using y;; for inference on 6. But E(Y;1) = h(6, ¢;) contains ¢;, for which y;» serves
as an unbiased estimator that is uncorrelated with y;;. Examples of A(-) include
h(8, ¢;) = 0V (¢;), where 6 is an overdispersion parameter, and the scale regression
model h(0, ¢;) = exp(By+01¢;). Interestingly, viewing y;» as a mismeasured surrogate
for ¢;, the problem becomes a special case of a measurement error model.

The theory in this report applies to the stratum-specific estimating function g; =
9:(0, ¢s;y;). Presumably stratum sample sizes are fixed and asymptotic arguments
would be based on summing over a large number of strata, as in (1). Focusing on
finite sample robustness properties of g;, in § 2 we review the WL projection method
for obtaining locally ancillary estimating functions. We re-derive their method in a
way that may be extended to settings where projection is not feasible. § 3 develops
the quasiscore analogue to the WL approach. In § 4, we appeal to within-stratum
asymptotic arguments to study the performance of estimating functions when an
estimate, ég is substituted for ¢. § 5 contains some simulation results, followed by a
discussion in § 6. In general, the subscript j will indicate within-stratum observations,

so that y;; is the jth observation in the ith stratum. Until § 5, the stratum subscript



1 will be suppressed.

2 Locally Ancillary Estimating Functions

2.1 Definitions and properties

Let Y be a random vector distributed according to density f(-), belonging to a class
F of densities with common support ). A semi-parametric model for Y is a partition
of F indexed by the parameter (0, ¢) € © x &. Throughout this paper, f is a (p x 1)
vector parameter of scientific interest, ¢ is a scalar nuisance parameter, © is an interval
of R?, and ® is an interval of R'. For inferences on 6, assume existence of a (p x 1)
unbiased estimating function g(y; 6, ¢) (Godambe, 1960; Durbin, 1960), and that F
and g satisfy the standard information and regularity conditions given in Small &
McLeish (1994, Ch. 4). Interest is on f-inferences that are robust to ¢.

When no globally ancillary ¢ is available, local ancillarity, which we now define,
serves as a sensible alternative robustness criterion. Consider the functional

ak

na) = | 2

E{g(¢); ¢*}]

¢*=¢

Small & McLeish (1994, Ch. 4) defined an estimating function g to be “r-th order
locally ancillary” if by(g) =0, for k£ =0,1,...,r. Under mild regularity conditions,
this is equivalent to F {g(¢); ¢*} = 0{(¢* — ¢)"}, so that global ancillarity is the
limiting form of local ancillarity as r — oo, the index r describing the degree of
dependence of g on ¢. Note that by () is a linear operator in the sense that bi(a1g1 +
a2g2) = a1bg(g1) + azbk(g2), where the a; = a;(6, ¢)s do not contain y. Under some

regularity conditions, an alternative representation of by (g) is

bi(9) = E{gVi(0)}, 3)



where V;(¢) is the unbiased estimating function for ¢ given by

_ 04 f(w;0,0)/06"
f@:0,0)

Thus, to say that g is rth order locally ancillary is to say that it is uncorrelated with

Vi

(4)

the first r ¢-scores Vi from the model generating Y. We note that the Vjs satisfy the
recursive relationship
0

V= 8_(/5‘/;71 + VWi, (5)

forr =2,3,... (WL, 1996), and the fact that V3 is unbiased reflects the information-
unbiasedness of V] (Lindsay, 1982). A final representation of by(g) for £k = 1,2 is

given by the following lemma, which is proved in the appendix.

LEMMA 1 Let g(y; 0, ¢) be an unbiased estimating function for 0 as defined above

and satisfying reqularity (smoothness) conditions given in situ. Then,

E(—?—Z):bl(g) and E(g%g) :bQ(g)—2abal(;g).

2.2 Locally ancillary estimating functions via £? projection

Waterman & Lindsay (1996) provide a constructive method for obtaining rth-order
locally ancillary estimating functions in the fully parametric model F = {f(-;0, ) :
(0,0) € © x ®}. The main idea is to exploit the equivalence (3) to render an ar-
bitrary estimating function, gy = go(0, ¢;y), rth-order locally ancillary. Define the
“Bhattacharyya basis of order 7”7 to be the vector V, = (V4,...,V,)T of the first r ¢-
scores (4). Let AF denote the space spanned by V,, and let IIF g be the £? projection
of go onto AY given by I1¥'gy = F(goV!) {E(V,«VTT )}71 V,. Then via standard £, pro-
jection theory (Small & McLeish, 1994), g, = go—IIL go is the estimating function that
is maximally correlated with the original go, yet uncorrelated with Vi,...V,. That g,

is rth order locally ancillary is a direct result of (3). Setting go = Uy = (0f/00)/f,
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the projected scores U, = Uy — [IFU,, are the efficient rth-order locally ancillary
estimating functions, r = 1,2,... (WL, 1996).

The importance of this result is that we can begin with a relatively #-efficient kernel
go, and render it insensitive to ¢ to an arbitrary order r. Since the V,s are naturally
arranged in descending order of information content for ¢, Af" is “automatically” the
best finite basis of dimension r in the sense of preserving efficiency while gaining
robustness. For 7 = 2, WL (1996) show that the f-information in U, is very close to
that in the limiting U,,. Also for » = 2, consider the “plug-in” estimating function
92(0) = g2(0, dg) obtained using the estimator ¢y that solves V;(¢) = 0 for fixed 6.
While g, will generally be biased, g, — g2 converges in law to a mean-zero random
variable as n — oo (Small & McLeish, 1989; unpublished report by Lindsay & Water-
man, Pennsylvania State University, February 26, 1992). These results suggest that
important robustness properties already obtain for r = 2.

There is a more direct approach to deriving g, that does not rely on projec-
tion theory. First, using the linear operators bi(-), k = 1,...,r, define the p x r
functional biy(9) = {b1(g),...,b-(9)}. Then, applying (3) to V, and g, IIf'g =
b (9) {b(r) (V,a)}_1 V,. Now, consider the class of unbiased estimating functions in

the span of (g, V4,...,V;)T, i.e. of the form

—~
=2}
~

g—aV,,

over all p x r matrices a = a(f, ¢). Since b((+) is a linear operator, by (g — aV,) =
by (9) — aby(V,). If bpy(V,) s invertible, then a = a, = by(9) {bry(V)} is
the unique matrix a that produces a rth locally ancillary estimating function of the
form (6); hence g,. Note, however, that the same procedure would apply to other

bases V', say, provided that one could compute b (g) and by (V;). This would allow

one to avoid specifying the likelihood needed to compute V,. In the next section, we



exploit this idea for the case of r = 2, using a quasiscore basis for ¢ instead of V.

3 Locally Ancillary Quasiscores

We now extend the projected score methodology of Waterman & Lindsay (1996) to
models for the mean and variance of Y, concentrating on the important r = 2 case of
second-order local ancillarity. In § 3.2, a candidate subspace of ¢-information based
on quasiscores is proposed after noticing that the true subspace V, can be emulated
using the information-unbiasedness property of the optimal quasiscore. Then, by
viewing projection onto a nuisance subspace as simply solving a linear system, the WL
procedure is generalized to less efficient representations of the nuisance subspace. This
idea is exploited in § 3.3 to construct locally ancillary quasiscores without resorting
to projection. § 3.4 contains the quantities necessary for computing the #-information
in S,. Throughout, we maintain the symbols U and V for the true likelihood scores,

and adopt S and T for the corresponding quasiscores.

3.1 The model and assumptions

Let z1,...,x, be a sequence of covariate vectors with arbitrary empirical distribu-
tion function G,(-). Let Y = (Yi,...,Y,)T, where the Y}s are a sequence of ran-
dom variables that are independent conditional on the z;s. As a special case of
the semiparametric model F in § 2.1, let p; = p(0,¢;z;) = E(Y; | z4;6,¢) and
v; = v(0, ¢;x;) = var(Y; | z;;0,¢). We assume that y; and v; are finite, contin-
uous, and admit continuous first and second derivatives with respect to (6, ¢). We
also require that (Yj|z;) have a finite fourth moment. For identifiability, assume that
for any given one-dimensional subset of ©, say ©*, parameterized by s, the model
w0, 0) = (u(0, ¢;21),. .., 10, ¢;2,))" is such that distinct values of (s, ¢) imply a

distinct 1(6(s), ¢). We require within-stratum identifiability only on the subset ©*,



assuming that information for identifiability on © accumulates across strata. These
assumptions are not restrictive; for many models in practical usage, moments and
their derivatives to several orders exist. The identifiability assumption simply re-
quires that some joint information on (f,¢) be available. For example, it serves to

eliminate strata in Example 1 where only one y;; is observed.

3.2 Quasi-Bhattacharyya basis

If ¢ were known, one might propose the f-quasiscore (Wedderburn, 1974)

So = L HZ L =N G

0 ; ( 89 ) Vj ; 09
for inferences on . Similarly, we define the ¢-quasiscore
Ops \ Yj — 1y
T1:Z<—]> J JZZle.
7 \09 Yi j

Note that 77 is optimal for ¢ in the class of linear estimating functions and is thereby
information unbiased (Crowder, 1987). Exploiting (5), the quasiscore analogue of V5,

namely T, = 9T, /0¢ + T?, is another unbiased estimating function for ¢. Letting

prime (') denote differentiation with respect to ¢,

! 2
j j
= Y T +> > TyTy =) To+2) TyTu,
7 7K 7

i<k
where Ty; = T, +T7;. By information-unbiasedness of Ty and Ty;, E(T3) = E(T3;) =

0, and the second ¢-quasiscore for the jth observation is

2
J (9¢ a¢ 7 J ) a¢ 7 J J J
A key thesis of this paper is that the quasiscores T} and 75 form a partial basis for

the nuisance subspace that shares many of the properties of the second order Bhat-

tacharyya basis V, when used for bias correction. Define the quasi-Bhattacharyya

9



bases of order r = 1 and r = 2 to be 7; = (T1) and T, = (T1,T3), and define A9 to
be the span of 7;. In the next section, we exploit the linear operator b;)(-) to derive

rth-order locally ancillary quasiscores using Sy and A.

3.3 Construction of locally ancillary quasiscores

For r = 1,2, let TI? : £ — A9 be the linear operator such that (g — II%g) L V,.
Then, by (3), (g9 — II9g) is rth-order locally ancillary. Note that II¢ is not a true
projection operator onto A?, since it does not minimize the distance between g and
I19. Setting g = Sp, let a; be the (p x 1) vector such that 1Sy = a,7; and let ay
be the (p x 2) matrix such that 1SS, = a,7s.

Define S; = Sy — 195, and S, = Sy — I$S,. For Sy, set by(Sy) = b1(So) —
ay b1 (T1) = 0 to obtain a; = b;(Sy)/bi(T1). Similarly, let b (-) = {b1(-),b2(-)}, and
set ba)(S2) = biay(So) — a2be)(Ts) = 0 to obtain az = b)(So) {be)(75)} - Two
lemmas, proved in the appendix, now provide explicit expressions for the maps of Sy,

Ty, and T, via the functionals b;(-) and b)(-).

LEMMA 2 For the quasiscores Sy, Ty and Ty and the functional by(-) defined above,

out ,
bl(SO) = Z (%) Uj_l (%) = ZDOlj = D(n

J J

Oy \ 1 (Oms) _ _
bi(Th) = Z(%{;) vy (a—l;)zanj:Dn

J J

. 2, .
(1) = z (%) Uj_l (%(;52]) = ZDQIj = Doy,

J J

where Dy = 32; Dygj, and the D,g;s are defined implicitly.
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LEMMA 3 For the quasiscores Sy, Ty and Ty and the functional by(-) defined above,

ouT 2,
b2(SO) = Z (%) U;l (%;;) = ZDOQj = D02

J J

. 29
bQ(Tl) = Z (aa—/;]> Uj_l (%(5;) = ZDlzj = D12
J

J

8/,1, 2 B 82’1)' 8,Ur 4 B 82/,6 2 -
b(Ty) = {(_J) 5t (25) <2 (22) e ()
() =290 ) v \ae) 72 \as) T\ ) v

OL; ov; B 82 )

-(52) (38) e (5} =

= ZD22j+4K11ED22+4K11,

J

where K11 = Y ;. D11;Dvij, and the D,g;s are defined implicitly.

J<j
With Lemmas 2 and 3, it is established directly that the matrices a; and ay for
HiQS() and HQQS() are given by a; = D()l/Dn and

-1
B Dy Dy
az = (Do, Dy2) ( Dy Dyy + 4Ky )

(7)
The new quasiscores S; and Sy are thus bias-corrected versions of the original qua-

siscore Sy. The following theorem, proved by the foregoing argument, establishes

that S; and Ss are first- and second-order locally ancillary, respectively.

THEOREM 4 For the quasiscores S1 and So, the matrices a; and ao, and the
operators by (-) and by(-) defined above, by (S1) = b1(S2) = ba(S2) =0 and

D
bg(Sl) = D02 - D—OlDlg = O(TL)

11

3.4 Precision, variance and information matrices

The quantities D,s can be collected together into an “extended” precision matrix

So o [ So So
D=E¢| Ti | (U ViVe) p=Eq=55| To | b | T
15 T 15
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For a single observation j,

Soj Doo; Do1j Doj
Dj = F le (Ug;,‘/l],‘/z?) = Dle Dllj D12j .
T, Dyy;  Do1j Doy
Dy Dy Do
D=| Dy Dn Dy, ) (8)
Dyy Dy Doy + 4Ky
where, for r,s = 0,1,2, D,y = 3, Dpyj, Kin = Xy DiijDuyr, Dyg; is given in

Then

Lemmas 2 and 3, and Dgg; = (9pF /00)v; ' (9uT /00)T. Note that all components of
D are O(n), except the lower right, which is O(n)+O(n(n—1)) = O(n?). Remarkably,
D is a symmetric matrix. Analogously, define the variance matrices

So Doy Doy Moo

M=E ( T ) (55,7, T) ¢ = ( Dig Dn My ) :

T, Myy My Moy + 4Ky,
and M;. Details of the components of M; are in the appendix. The matrices D
and M are useful in computing the f-information in S; and S,. For Sy, define:
Do = (Doo, Do1, Do2)T, the “f-column” of D; and Ly = (I, —az) = (I, —as1, —as),
a p x (p+ 2) matrix. Then, using (7), E{— (0S,/00)} = E(S;Ul) = LyD, and
E(S98T) = LyM LY so that the 6 information in S is

-1
Ts, = DYoLy {L, ML} LyD.y. (9)

Remark 1. While higher moments p; = E{(Y; — u;)? | z;;0, ¢} and ; =
E{(Y; — p;)* | z;;6, ¢} are in general required for the quasiscore variance M, S, itself
in no way depends on p; or k;. The roles of p; and x; may be further reduced by
using a robust estimator for the variance of S, (Royall, 1986; Liang & Zeger, 1986).
Remark 2. The stochastic order of the terms in S; and S5 is of interest to understand
the nature of the bias correction. Note that (ag1, aze) can be written as

o) = (22 05 0 o))
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and the ¢-scores
( % ) B ( Op(\%)(*@p(n) ) ’

T
(CL21, CL22) ( ! > = HZQSO =—T + Op(l) = HlQSO + Op(l)-

so that

T

Since Sy, like 71, is O,(y/n) the difference between Sy and S; becomes negligible as n

gets large. For small n, when information for ¢ is sparse, the additional term ags75
in H?So provides a bias-correction for imprecision in estimates of ¢.

Remark 3. Since the forms of Sy, 11, T5, D and M are quite general, conversion

of computational software from one model to another is simplified. A general fitting

routine can be linked to separate subroutines for y;, v;, pj, v; and their derivatives.

New models only require new subroutines for p;, v;, etc.

4 Asymptotics of the plug-in quasiscore S,

While the quasiscore S, is more robust to misspecification of ¢ than Sy, and Si, ¢
still must be eliminated from the problem. This can be accomplished by using a
plug-in score S5(0) = S5(6, ¢g), where ¢y solves T = 0 for fixed 6. § 4.1 establishes
that as n — oo the asymptotic bias in S, is zero. This development also serves to
illustrate the special roles that second-order local ancillarity and the optimality of the
quasiscores Sy and 77 play in the elimination of ¢. § 4.2 gives an approximation for the
Fisher’s information for 6 in S, that improves upon (9). Throughout this section, we
assume that the covariates X; are identically distributed, so that (Y}, X;) are jointly
independent and identically distributed random variables. Matrices D and M are
computed by taking expectation over X;. The detailed proofs for this section follow
similar arguments in Lindsay & Waterman (unpublished report, Pennsylvania State

University, February 26, 1992) and WL (1996, appendix) and are in the appendix.

13



4.1 Asymptotic bias in S,

From standard asymptotic arguments,
nl/Q(gZ;g —¢) =n?Dy Ty + Op(n’lﬁ) = 0,(1). (10)
Then, letting prime (') denote differentiation with respect to @,

S-5 = (Bo— )8+ 30— 6PSL+ O

= D SyT + S50,(n 1) + %{n(ég — )2} n 1SY) + 0,(n V?). (11)

Now, to study equation (11), define the following: Sy = >3, Sp; T = ¥, Tij;
Ly = (I, —(a1 — 2a92D11), —a}), a p X (p + 2) matrix; P = var{(S{", T}, T1)"}. Note
that a; and ay; are O(1), that ag is O(n™!), and that their derivatives with respect to
¢ are of the same orders. Define agg, = lim,,_,o, nass. Now, note that due to Lemma 1

and Theorem 4, E(S}) = E(S)) = 0. In the following lemma, we approximate S, as

a sum of independent mean-zero random variables.

LEMMA 5 The ¢-derivative S} of Sy is expressible as

Sé = (S(I) -+ D01) — (Tll + Dll) — (CL’I — 20,22.D111)T1 + Op(nl/Q)
= 5’3 + Op(nl/Q) = Z Sé] + Op(nl/Q)a
J
where gé] == (S(I)] + DOll) — al(Tl’j + Dlll) — (G,Il — 2&22.D111)T1j.

Since (S§ + Do1), (I] + D11), and T3 are independent and identically distributed
mean-zero sums, Sy = O,(n'/?). Similarly, S§ = O,(n'/?). Since second-order local
ancillarity of S, implies that F(S5V;) = 0, we might ask if a similar result holds for

E(SyTy) or E(SLT)). To that end, two remarkable information equalities obtain:
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LEMMA 6 The unbiased estimating functions (Si + Do1) and (11 + D11) are in-

formation unbiased with respect to Ty. That is
E{—(S; + Da1)'} = E{(Sy + Do1)Th} and E{—(T] + D11)'} = E{(T} + D1.)T1}.

Then, by Lemmas ]., 5 and 6 and the fact that 9292¢ = (D02D11—D01D12)/(2D%1D111),

D 'E(SyTy) = 0. This second main result of the paper is synthesized in Theorem 7:
THEOREM 7 Let qASg be the solution to Ty = 0 for fized 6. Then
52 = Sz(gge) = SQ + Dl_llgéTl + Op(l),

where DFS4T) = O,(1) and is unbiased. Furthermore, under uniform integrability,

E(S; — S3) = o(1).

This is the same order of bias obtained by Small & McLeish (1989) using V; = 0 to
estimate ¢. The comparable performance of 77 = 0 and Ss is due to the approximate
orthogonality of S} and 7}, and reflects the optimality of Sy and 7;. We note as a
point of comparison that (S; — S) is also O,(1), but with bias of order O(1).

4.2 Approximate information in S,

Theorem 7 can be further exploited to obtain an improved estimator for the 6-

information in 5’2. Write:
{S2 — E(S)H{Se — E(S2)} = 58] + SaDi (ShTh)" + Dy (S4T1) S5

+D1(S3T1)(S3Th)" + 0p(1), (12)

where the first four terms on the right hand side are O,(n), o,(n), 0,(n), and O,(1),

respectively. Also,

{8y — BE(5,)YUL = S,UL 4+ Dy (ST)UL + 0,(1), (13)
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with terms of order O,(n) and o,(n). Taking expectations in (12) and (13) to
obtain asymptotic variances and covariances gives avar(Ss) = LyMLY = O(n),
avar(Dy'SiTy) = avar(Sy) D' = LsPLYD' = O(1) and acov(S,, UY) = LoDyo =
O(n). Furthermore, acov(Sy, D1;'SyTy) ~ acov(D'SyTi,UL) ~ 0, since the mul-
tivariate normal distribution has zero skewness. Note that these are all quantities
which, when appropriately scaled, can be consistently estimated. Finally, these results
combine so that asymptotically (and under uniform integrability), F (—85'2 / 80) =
E(SyUy) = E(SoUT) +0(1) and and avar(S,) = LyM LY + LyPLT D' +o(1). There-

fore, the Fisher’s information Zg, for 6 in S, might better approximated by

1
T3, = DY LY {LoML] + LsPLE D'} LaDy,
which can be compared with Zg, in (9). The inverse of these quantities can be used

to estimate the variance of the estimator 0}; obtained by solving S, = 0.

5 Example Models and Simulations

We now consider two example models, each characterized by the presence of a nuisance
parameter ¢; in the mean function for each of strata ¢ = 1,...,10. For each model,
the empirical means of the plug-in scores S; = 1 Sy; and S, = Y19, S, were
assessed for departures from unbiasedness over 5000 replicates. The performance of
two theoretical approximations for Zs was also examined: the naive quantity Zsg,,
and the approximation I§2 developed in § 4.2. These values were compared with the
empirical (simulated) information, Z§2mp, computed as the ratio of the square of the
empirical mean of the numerical derivative of ,§2, and the empirical variance of Sy,
Consider a paired data model (Example 1, §1) with constant coefficient of variation.

For j = 1,2, let y;; be independently distributed with mean

pij ={di+0+01(G=1)}", (14)

16



and variance vy, where I(j = 1) = 1if j = 1 and zero otherwise, and 6, is a
fixed and known offset. We considered parameter values 6y = (0.4,0.1,—-0.05), 6; =
(0.1,0.2,0.5), and dispersions v = (0.2, 0.6, 2.0). For the ¢;s, we generated ten values
from a uniform distribution on the (0.1, 1.0) interval and fixed these over all replicates.
Model (14) has the canonical link and the mean-variance relationship of the gamma
regression model, which is taken as a working model for the third and fourth moments
of y;;. However, to confirm that our method relies only weakly on the specification
of skewness and kurtosis, the data were generated using a log-normal distribution,
with mean p;; and variance Vufj. The results are presented in Table 1. First, S,
is negatively biased in almost all cases, indicating negative bias in the estimator 0.
For many cases, 9o is not detectably biased (|Z| < 1.96), and in all cases, S, is
considerably less biased than S;. The quantities Zs, or I;Z do not differ greatly from
the empirical information. These results (not shown) did not vary considerably from
those obtained with data generated under the true gamma regression model.

As a second example, consider an overdispersed (Williams, 1982) Poisson regression
model (McCullagh & Nelder, 1989, Ch. 6) with a mismeasured covariate ¢; (Exam-
ple 2, §1). Assume that surrogate z; = ¢; + d; where 6; ~ N(0,0%). Let the mean

and variance of the response y; given the true covariate ¢; be:
log(p;) =0y +61¢; and v, = vu,. (15)

Again holding 6, fixed and focusing on 6, So; = ¢;v*(y; — ps) and Ty; = 010 (y; —
wi)+oy ?(x;— ;). In computing the information to account for overdispersion, working
(but incorrect) models for the skewness and kurtosis of y; were obtained by multiplying
the standardized cumulants of the Poisson distribution by the appropriate power
of v;. We generated ten ¢;s from a standard normal population and fixed them

over all replicates. In model (15), we fixed 6y = 0, and considered relative risk
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values exp(f;) = (1.5,2.0,3.0), measurement error variance o3 = (0.2,0.5,0.7), and
overdispersion v = (1.5, 2.0, 3.0). Overdispersion was introduced by generating Y; as a
(3 : 7) Bernoulli mixture of two Poisson random variables such that the marginal mean
and variance are y; and vy;. The results (Table 2) again show that the considerable
bias in S; is almost completely eliminated through the use of S,. In comparison
with the paired gamma example, however, Zg, overestimates the #;-information by
about 22%, on average. By contrast, the corrected information approximation Igz
underestimates the empirical information by about 6%, which would lead to slightly

conservative interval inferences on 6;.

6 Concluding Remarks

We make two brief comments. First, the quasi-Bhattacharyya basis and the asymp-
totic results strongly reflect the information optimality of the #- and ¢-quasiscores.
Second, replacing the projection operator with a solution operator suggests a general
procedure which could be useful in more complicated problems, including those in-
volving multivariate data. To wit, if one has available estimating functions gy, and
hy = (hig,...,h.4)", then one can obtain an rth-order locally ancillary estimating

function gg — b(r)(99){b(r) (he) } ' hy for robust inferences on 6.
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APPENDIX

Proofs and Technical Complements

Proof of equation 3. For an unbiased estimating function g = g(y; 8, ¢),

8k
be(g) = {—* 9(¢)f(¢*)d$}

O f(¢7)]09* .
{/g(ﬁb)wf(ﬁZS )d$}¢*:¢

- (7)) o

the first two lines being equal by regularity.

Proof of lemma 1. For r =1,

a¢/gfdm—/ga¢d —I—/—d = bi(g E(—%) (A2)

The first equality holds since [ fgdz = 0, the second is due to regularity, and the third is

due to (A1). For the second equality of the lemma,

ob1(9) af dg Of
¢ a_qs 9969 = | 3595 +/gaqs?

SO

B (@alogf) _ abl(g) —bg(g).

0 0¢ 0o

Now

B 0? . 8%g Bg dlog f dg dlog f 0% f
O—a¢2/gfdx = /l8¢2f 96 99 f—i—% 36 f+gaf¢2‘| dx

_ 0?g dg dlog f
- E<a¢2>+2E(% 96 >+bz(g)

2
= E <g¢2> +26b5;g) = 2by(g) + b2(9)-

The first equality is due to the fact that [df dz = 0 for all ¢; the second results from

regularity. The result follows.
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Proof of Lemma 3.

which implies

ol \ 02
b2(So5) = <—]> Yj ' 3¢2]'

The result follows for Sy = 3°; Sp;. A similar argument gives the expression for by(71). For

ba(T3), first write

Ty = 5 (F00) 5 = ) + (%‘;) 072y — ) (%‘;) ol (A3)

and note that
2 % —1) _ 8#] vl (Q‘M) (%) -2
o (507 ) =5 - (5g) (Ga) o™ (A4)

Then,
BT )7 = (7 o) - 0]
N2
+ () 0, 7101067 — 0300 + (s 8") — s 0]

()55 () ()
- (Ge) - () () S

(%) e (5) (%)

Also,

BT @Tu@)i9) = (2) o bs#) - ms(@)
. (%—lz:) v k(%) — pk(4)]

nin = ()5 () (5 (59

= 2D11;D11k-
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Now, write Ty = >_,; Toj + 23,4 T1;T1x and the result follows.
Derivation of variance matrix M. Consider the variance-covariance matrix M as a
function of M; for the jth observation. For the first three terms, E(SpSI) = > Moo,

E(SoTy) = > Moy, and E(T?) = >_; Mi1; by independence. Then

E(STz) = E{ <Z SOj) (Z Top + > leTllc’> }
j k2K

= ZE SoiTo;) + > E(So;Tor) + > E(So;TikTix)

ik Gk
= Z Maa;,
j

the last two terms in the second line being zero by independence. Similarly, E(T1T) =

Zj Mlgj . Finally,

E(T3)

2
(Z Toj+ Y Tllchlc’>

k£k!

= ZE TQ] ) +2 Z (To; T T1p)

k2
+ZE TyTipTiTiw) +2 Y B(THTH)
kAk!
= ZM22J +4 Z M1 My,
j i<i’

where A = {(4,7"), (k, k") : 7 # 3k #K,(5,7) # (k, k'), (4,7') # (K',k)}. In the expansion
(second and third lines), the second and third terms are zero by independence. The 2 in
the fourth term results from the product of (T1;T1x) with both (T1xT1x) and (TyxTix).
For the variance-covariance quantities in the matrix M; for the jth observation, the
expressions for Myg;, Mo1; = Mig; and My, are well-known and equal to the corresponding
expressions from the matrix D;, due to the information-unbiasedness of the quasi-score. For

the components related to T5;, recall (A3) and (A4). Then,
Mogj = E(SojTz)
on — i 0 (Ou;
_ B j j (_J ,—1) L
{<39> o op\ag" )W)
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- () (e - (59) () )

Oul\ [0, O 0v;
- s () () (3~ (2))
°2j+<89><8¢ i \ag ) \ag )™
The form of Mjis; is derived similarly as
oui\? _ Ol ov;
oy = D+ () (54 )= (59) ]
Finally,

My; = E(T3))

Opi\* 4 , 8Hj>4 -2
%) e ()

() 3 )22
- ()" o)) () ()
(52)- () ) 23 )

Proof of Lemma 5. The proof follows that of Lindsay and Waterman (unpublished report,

Pennsylvania State University, February 26, 1992). Write Sy = Sp — (a1 — bag2)T1 — ageTy,
where b = D13/D1;. Consider the first two terms Syp— (a1 —bage)T1. Recall that S} = p» S(')j

and T = 3, T1;, that E(Sy;) = —Do1; and E(Tj;) = —D11j, that the order of a1, b, and
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their derivatives is O(1), and that the order of age and its derivatives is O(n™!). In fact,

standard matrix inversion and limits of polynomials shows that

Dy D11 — Do1 D12
2D%1D111 ’

a29¢ — lim nagy =
n—oo
where D111 is E(T};) for some j. Then via straightforward asymptotic arguments,

{So — (a1 — ban)T1} =D Q1+ Op(1),
J

where Q1; = S(')j—alTl’—a’lle. Note that the leading term in the remainder is bagg 3~ Tl'j =
Op(1). Now, since a1 = D19/D11 = D1gj/ D11 for any j, we can rewrite Q1; = (S(')j+D01j)—
a1(T{ + D115) —a T, which is obviously unbiased for each j. Therefore, 3=; Q1; = 0,(n'/?),
and the second term in the above expression is negligible.

For the term ag9oT5, recall that 1o = Ej To; +2 Zj<j, 11Ty, and write

(a22T2) = ahy Y Toj +am Y Tsj+2ahy Y TijTij + 2as Y (T1;Tiy + TiT1,). (A6)

i i i<d’ i<d’

Since agy and ajy are both O(n™'), it follows that ahy 3, To; = 0p(1), since Th; is unbiased,
and that ag ), T2'j = Op(1). For the other terms, we use a U-statistic representation of

23 <y T1jT1j and its derivative (Serfling, 1980, p. 188). Define

2
Wi=—— T1;Ty
! n(n —1) Z, 1
1<J
2 ! !
n(n —1) i

Now, for k = 1,2, Wy = W}, + 0,(n~1/?), where Wy, = > E(Wy | Tyj). Tt is then easy to

see that Wy = 0, and

~

2 2
Wy = - > Ty;Diyy = —5D111T1-
J

Now,

2ah Y TijTiy = dyyn(n — YW1 = O(n™")n(n — 1)op(n~"/2) = 0,(n'/?),
i<’
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and

2a99 Z(Tllelj’ + TIJT{]’) = a22n(n — ]_)W2
J<J’

2
= —azn(n— 1)5D111T1 +O(n YHn(n — 1)op(n_1/2)

= —2a99¢D111Ti + 0(1)0p(n*/?) + 0p(n'/?).
So, equation (A6) can be written
(a22T2)" = —2a224 D111 T} + 0p(n'/?),
where the leading term is Op(n'/2). Finally,
S = Z Q1 + Op(1) + 2ag04 D111 T1 + Op(n1/2)7
j

completing the proof.

Proof of Lemma 6. Assuming that
E{—(Sy; + Do1;)'} = E{(Sy; + Do1;)T1,}

and

E{—(Tyj + D115)'} = E{(T{; + D11;)T1;}

hold for each j, the result follows by independence of observations y; and y; for j # j'.

Now, for fixed j,

CANE
Soj = {(Té)“jl}(yj—uj)

oy’ 1\ op7\
S(I)j = {<B—;>1}j1} (yj_ﬂj)_{<a—aj Ujl /‘_Ij

JCAYE o\ ) oy \ _
& () o o) ()

S0



where expectation here is over Y}, then X;. Similarly,

sy - e[ (4) o 4] - [{() 7}

Also,
0 0
o - )] ()}
8
T
: /{(%’) } 1§ ) et
- = [{(5) )] - [{(5) )]
Similarly,
o\ _11' , oui\ _
by = B \{(G)r) | e 2 [{(5) )
Thus,
! NAT 1" Lo % ._1/1'
E{(SOJ + DOl]) } E(SOJ) + DOI] E 90 v Ky
E{(Ti; + Dn;)'} = E(T{;) + D},; = —E [{(%) Uj_l}lll;']-
Now,

E{(So; + Do1j)Tij} = E(Sy;Ti))

out '
= E H (%) ’U}l} (yj — py)uo; (yj — uj)]
oul
-E H (—;g ) vj‘l} o (y; — uj)]

and similarly,

E{(T1; + D11j)T;;} = EH(%) "’}1},/‘91’
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completing the proof. Note that this development for the identically-distributed X; case

assumes that the distribution G(-) of X; does not depend upon the nuisance ¢. However, the

analogous lemma holds when the z;s are considered fixed and, as in Section 3, expectations

are taken conditional on the z;s.

Proof of Theorem 7. Begin with equation (11). By Lemma 5, S5 = O,(n'/?). Similarly,

S = 0,(n'/?), since E(S4) = 0 (Small and McLeish, 1989). Since S5 = S} + 0,(n'/?) and

MM = Oy(n~1/?), the first result,

gg -8y = MﬁlgéTl + Op(l) (A7)
follows. Also Sh = O,(n'/?), so M7'S5T1 = O,(1).
To establish the unbiasedness of this term, note that from Lemma 6
E{(So + Do1)T1} = E{—(S;+ Do)’} = E(-5Sp) — Dy
where the third equality is due to Lemma 1. Similarly,
E{(T{ =+ Dn)Tl} = Dil — Dhqs.
Recall that E(T?) = Dq; and note that
r _ Doy DoiDyy _ Dy Dy,
al — - 9 — - CI,1 5
Dy Df, Dy Dy
so a} E(T?) = D}, — a1 D). From expression (A5),
DyoD11 — D1 D
2a99¢ D111 E(T2) = =2 11D2 N2 Diy = Do — a1 Dia.
i1
Finally, from Lemma 5,
E(S’éTl) = E{(S(I) + DOI)TI} — alE{(Tl' + DH)Tl} — a'lE(Tf) + 20,22.D111E(T12)

= Dy — Doy — a1(D}y — D13) — (Dyy — a1Dyy) + Dop — a1 Dio

= 0.
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To complete the proof, uniform integrability of the 0,(1) term in (A7) implies E (8,—85) =

o(1).
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Table 1. Paired-data gamma regression model. Means of S, and 5’2, empirical and

theoretical information approrimations for Sy. 5000 replicates.

Model
14 00

0.2
0.2
0.2

0.2
0.2
0.2

0.2
0.2
0.2

0.6
0.6
0.6

0.6
0.6
0.6

0.6
0.6
0.6

2.0
2.0
2.0

2.0
2.0
2.0

2.0
2.0
2.0

0.40
0.40
0.40

0.10
0.10
0.10

-0.05
-0.05
-0.05

0.40
0.40
0.40

0.10
0.10
0.10

-0.05
-0.05
-0.05

0.40
0.40
0.40

0.10
0.10
0.10

-0.05
-0.05
-0.05

01

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

0.1
0.2
0.5

Z-values
S Sy
-5.39  -0.91
-9.82 -2.01
-11.81 1.26
-7.51 0.13
-10.12  1.20
-16.19 -2.00
-11.48 -1.08
-12.69 -1.15
-14.66 -2.87
-6.27 1.00
-12.52 -0.85
-21.64 -4.36
-12.63 -1.64
-17.87  -2.77
-22.47 -5.14
-17.26  -4.09
-20.43 -5.91
-20.06 -5.25
-12.49 -2.96
-19.10 -7.08
-24.46 -10.14
-17.03 -5.16
-24.34 -9.34
-26.34 -10.59
-21.59 -9.08
-23.89 -11.10
-24.35 -10.61

average information values

mp
I,
4.30
3.73
2.55

15.00
11.18
0.21

52.72
25.31
7.95

1.51
1.34
0.89

5.17
3.82
1.62

16.92
797
2.49

0.67
0.48
0.23

1.94
1.34
0.48

5.02
2.03
0.68

6.76
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Information Measures

Ts,

4.40
3.76
2.46

14.74
10.64
5.03

51.35
25.81
8.07

1.46
1.25
0.81

4.88
3.90
1.65

16.87
8.49
2.66

0.44
0.37
0.24

1.45
1.03
0.48

4.95
2.50
0.79

6.67

Ratio

1.02
1.01
0.96

0.98
0.95
0.97

0.97
1.02
1.02

0.97
0.94
0.90

0.94
0.92
1.02

1.00
1.07
1.07

0.65
0.78
1.04

0.75
0.77
1.02

0.98
1.23
1.16

0.99

*
A %

4.40
3.76
2.46

14.74
10.63
5.03

01.33
25.80
8.07

1.46
1.25
0.80

4.88
3.49
1.64

16.74
8.42
2.65

0.44
0.36
0.22

1.41
0.97
0.44

4.51
2.28
0.73

6.63

Ratio

1.02
1.01
0.96

0.98
0.95
0.97

0.97
1.02
1.01

0.97
0.93
0.90

0.94
0.91
1.01

0.99
1.06
1.06

0.65
0.77
0.97

0.73
0.72
0.92

0.90
1.12
1.08

0.98



Table 2. Overdispersed Poisson measurement error model model. Means of S; and

5'2, empirical and theoretical information approximations for Sy. 5000 replicates.

Model Z-values Information Measures
v exp(f) o? S Sy Igzmp Is, Ratio If Ratio

1.5 1.5 02 -045 113 065 0.76 1.18 0.64 0.99
1.5 1.5 0.5 -411 -0.54 050 0.72 1.43 0.49 0.97
1.5 1.5 0.7 -4.04 0.72 043 069 1.60 0.42 0.97

1.5 2.0 0.2 -548 -0.34 0.88 099 1.12 0.86 0.98
1.5 2.0 0.5 -871 0.10 0.64 079 1.24 0.59 0.92
1.5 2.0 0.7 -12.00 -2.13 0.55 070 1.28 0.47 0.86

1.5 3.0 02 -835 060 1.04 1.11 1.06 1.00 0.96
1.5 3.0 05 -813 096 056 0.65 1.17 0.52 0.94
1.5 3.0 0.7 -830 -0.67 040 0.51 1.29 0.39 0.97

2.0 1.5 02 -1.83 -043 050 058 1.16 0.48 0.97
2.0 1.5 0.5 -438 -1.06 039 055 141 0.37 0.96
2.0 1.5 0.7 -5.56 -1.06 035 054 154 0.32 0.93

2.0 2.0 02 -452 034 069 0.77 1.11 0.67 0.97
2.0 2.0 0.5 -9.23 -0.52 049 0.64 1.30 0.47 0.96
2.0 2.0 0.7 -11.27 -094 044 0.58 1.31 0.39 0.88

2.0 3.0 02 -78 139 089 094 1.06 0.85 0.96
2.0 3.0 0.5 -12.92 -1.99 049 058 1.17 0.46 0.94
2.0 3.0 0.7 -9.79 031 040 046 1.17 0.35 0.88

3.0 1.5 02 -142 -0.26 033 039 1.17 0.33 0.98
3.0 1.5 05 -3.05 -0.22 026 038 1.46 0.25 0.9
3.0 1.5 0.7 -460 -0.71 024 037 1.55 0.22 0.93

3.0 2.0 02 -343 0.82 048 054 1.14 0.47 0.99
3.0 2.0 0.5 -10.78 -1.99 0.39 047 1.20 0.34 0.88
3.0 2.0 0.7 -12.24 -1.71 033 043 133 0.29 0.88

3.0 3.0 02 -88 070 0.69 0.73 1.06 0.66 0.95
3.0 3.0 0.5 -13.37 -0.56 0.42 048 1.14 0.38 0.90
3.0 3.0 0.7 -1549 -252 034 039 1.14 029 0.85

average information values 0.51 0.62 1.22 048 0.94
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